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Abstract. Let O be the ring of integers of a number field K. 
For an C-algebra R which is torsion free as an 0-module we define 
, ^ ' what we mean by a A^-ring structure on R. We can determine 

whether a finite etale ii'-algebra E with A^-ring structure has an 
integral model in terms of a Deligne-Ribet monoid of K. This a 
commutative monoid whose invertible elements form a ray class 
group. 
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^ ■ 1. Introduction 

> I 

Let O he a Dedekind domain with quotient field K. Denote the set 
of maximal ideals of C9 by Al. We assume that k{p) = O/p is a finite 
field for each p e . 

I Let Ehe a torsion-free commutative C-algebra. Then for each p e Ai 

(N ■ the algebra E/pE = E ®o k{p) over k{p) has a natural A;(p)-algebra 

^ . endomorphism Fp-. x ^ x^'^^f^ which is called the Frobenius endomor- 

t::^- \ phism. By a Frobenius lift of at p we mean an (9-algebra endomor- 

\ phism such that -i/'p ®k{p) = Fp. We define a Ao-structure on E to 

O ■ be a map M. Endc)-aig(-E), denoted p ^ ipp, such that 

(1) 'i/'p is a Frobenius lift at p for each p e M. 

(2) Vp^q = V^qV^p for all p, q G A4. 

' By a Ac)-ring we mean a torsion-free C-algebra with Ao-structure. 

' If O is local then the commutation condition (2) is vacuous. For all 

p G for which E®k{p) = the lifting condition (1) is vacuous. In 
particular, if E is an algebra over K, then any commuting collection 
of K-automorphisms of E indexed by the maximal ideals of C is a 
Ao-structure on E. 

A A^-structure on a ring without Z-torsion is the same as a A-ring 
structure [2]. For instance, for any abelian group A we have a natural 
A^-stucture on the group ring Z[A] given by ipp{a) = for a e A and 
p a prime number. 

If O is the ring of integers of a number field K, and E is the ring 
of integers of a subfield L of the strict Hilbert class field of K, then 
E has a unique Ao-structure: i/j^ is the Artin symbol of p in the field 
extension K <^ L. 
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In an earlier paper [1] , we showed that a A^-ring that is reduced and 
finite fiat over Z is a A^-subring of Z[C]" for some finite cycfic group 
C and positive integer n. The proof uses the cxphcit description of ray 
class fields over Q as cyclotomic fields. Over a number field class field 
theory is less explicit, and the generalizations we present in the present 
paper are by consequence less explicit. However, we can still give a 
very similar criterion for a A^-structure on a finite etale if-algebra E 
to come from an A^-subring which is finite fiat as an O-module see 
Theorem 1.2 below. Such a Ao-subring is called an integral A^-model 
of the Ao-ring E. 

Let I{0) be the monoid of non-zero ideals of O, with ideal multipfi- 
cation as the monoid operation. It is the free commutative monoid on 
M. 

Let K^^^ be a separable closure of K, and let Gk be the Galois 
group of X^^P over K. It is a profite group. By a Gi^-set X we mean 
a finite discrete set with a continuous Gi^-action. By Grothendieck's 
formulation of Galois theory, a finite etale X-algebra E is determined 
by the G/^-set S consisting of all X-algebra homomorphisms E K^^^. 
Giving a A^-structure on E then translates to giving a monoid map 
I{0) MsipQ^{S, S). By giving I{0) the discrete topology, we see 
that the category of A^-rings whose underlying C-algebra is a finite 
etale X-algebra, is anti-equivalent to the category of finite discrete sets 
with a continuous action of the monoid I{0) x Gk- 

Let us first suppose that O is complete discrete valuation ring with 
maximal ideal p. Then I{0) is isomorphic as a monoid to the monoid 
of non-negative integers with addition. Let Ik <^ Gk be the inertia 
subgroup. Then Ik is normal in Gk and Gk/Ik is the absolute Galois 
group of /c(p), which contains the Probenius element F e Gk/Ik given 
by X x*^^'''\ Thus, F acts on any G/^-set on which Ik acts trivially. 

Theorem 1.1. Suppose O is complete discrete valuation ring with 
maximal ideal p. Let E be a finite etale K- algebra with Ao -structure, 
and let S be the set of K -algebra maps from E to K^^"^ . Then K has an 
integral A^-model if and only if the action of I{0) x Gk on S satisfies 

the two conditions 

(1) the group Ik acts trivially on S'unr = {~\aei(o) '■^^> 

(2) p G I{0) and F e Gk/Ik act in the same way on S-anr- 

See Section 2 for the proof. 

Next, let us assume that O is the ring of integers in a number field. 

In order to phrase our global result we first recall the definition of the 
Deligne-Ribct monoid. A cycle of i^T is a formal product f = Yip P""^ > 
where the product ranges over all primes of K, both finite and infinite, 
all Up are non-negative integers, only finitely many of which are non- 
zero, and we have Up e {0, 1} for real primes p, and np = for complex 
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primes p. The finite part of f is f''" = ^lp<ooP"^ wliicli can be viewed 
as an element of I{0). We write ordp(f) = Up. 

For a cycle f we say that two non-zero O-ideals o and b are f- 
equivalent if xa = b for some x e K* with x > at all real places 
p with ordp(f) > 0, and ordp(a; — 1) + ordp(a) ^ ordp(f) at all finite 
places p. One can check that this is an equivalence relation, and that 
the multiplication of ideals is well-defined on the quotient set. Thus, 
the quotient set is a monoid, the Deligne-Ribet-monoid, and we denote 
it by DR(f). 

It is not hard to see that the ray class group Cl(f) is the group of 
invertible elements of DR(f). Also, DR(1) is a group: it is the class 
group of O. More generally, for each ideal dividing f^"^ we can consider 
the map : Cl(f/0) DR(f) that sends the class of an ideal a to the 
class of a • 0. These maps give rise to a bijection 

Theorem 1.2. Suppose O is the ring of integers of a number field K. 
Let E he a finite etale K -algebra with Kq- structure, and let S be the set 
of K -algebra maps from E to K^^. Then K has an integral Ao-model 
if and only if there is a cycle f of K so that the action ofGK^ep x I{0) 
on S factors (necessarily uniquely) through the map 

Gk xl{0) ^DR{f), 

which is the product of the Artin symbol Gk Cl(f) <^ DR(f) on the 
first coordinate, and the quotient map I{0) DR(f) on the second. 

It follows that the category of such A-rings is anti-equivalent to the 
category of finite discrete sets with a continuous action by the profinite 
monoid hm DR(f), where the hmit is taken over all cycles f with respect 

to the canonical maps DR(f) DR(f ) when f | f. When K = Q this 
limit is the multiplicative monoid of profinite integers. 

2. The local case 

Suppose that C is a complete discrete valuation ring with maximal 
ideal p. We write k = k{p). Let A be a reduced finite fiat C-algebra. 
Let us suppose first that A is unramified over O, i.e., that k A 

is etale over k. Then k <S)o A is a product of finite fields. Since A is 
complete in its p-adic topology, idempotents of A/pA hft to A, so that 
^4 is a finite product of rings of integers in finite unramified extensions 
of K. Write 

S = Homo-,ig(A, = HomK_,ig(A ®o K, X^^p). 

Then the inertia group Ik Gk acts trivially on 5*. Every finite 
unramified field extension L of X is Galois with an abehan Galois 
group, and its rings of integers has a unique Probenius lift, which is 
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othen called the Frobenius element of the Galois group of L over K. It 
follows that when A is unramified over O, it has a unique Ao-structure. 
This is summarized in the next Proposition. 

Proposition 2.1. Suppose that O is a complete discrete valuation ring, 
and that A is an unramified finite flat reduced O- algebra. Then A 
has a unique A^- structure, and the induced action of I{0) x Gk on 
S = Homx-aig(A 00 K,K^'^^) has the property that the intertia group 
Ik acts trivially and that p e Ik{0) acts in the same way on S as 
F e Gk/Ik. 

Proof of Theorem 1.1. Put = .Sunr and for i = 1, 2, ... 1 let be the 
set of all s G with s ^ Si^i and ps e Si^i. Suppose that Sn 0, and 
= 0. Let Ei = MapQ^{Si, K^'^''^) be the corresponding finite etale 
i^T-algebra for each i. Then multiplication by p gives rise to X-algebra 
homomorphisms fi : Ei_i Ei for i = 1, 2, . . ., and /o : Eq ^ Eq. 

Jo G -C/0 > 

Since S = SqY[SiY[' ' 'Yi'^n is a decomposition of (7 as a Gx-set, 
and we have a corresponding product decomposition of the finite etale 
X-algebras E = Eq x x ■ ■ ■ x En. In terms of this decomposition tpp is 
given by 

V'p(eo,ei, ...,en) = (/o(eo), /i(eo), ■ ■ • , /n-i(e„-i)). 

Since So is closed under multiplication by p, the quotient ring Eq of 
is a quotient A^-ring of E, with Frobenius lift fo at p. We will show 
that the Ao-ring surjection E ^ Eo sphts. 

Note that now p'^S = So for sufficiently large k, so p act as a bijection 
on 5*0. Thus, fo is an automorphism of Eo- For seSiWe have p^s e So 
and p acts invertibly on 5*0, so we can define a map S — > So by sending 
s e Si to p^*(p*s). This map commutes with the I{0) x G/^-action, 
and it splits the inclusion 5*0 S. Thus, Eq is not only a quotient 
Ao-ring of E, but also a sub-Ao-ring: 

i: Eo — >E 

eo ' — >ieo, /i/oCo, f2fifo^eo, fn-i ■ ■ ■ fifo^^^^^o). 

Now suppose that the A^-ring E has an integral model, i.e., that E 
has an O-sub algebra A which statisfies 

(1) A is finite flat over O; 

(2) ij.iA) cz A; 

(3) tpp ®o k is the Frobenius x a;*'^ on A k. 

The image Ao of A in the quotient ring Eq of £^ is a sub-Ao-ring of Eq 
which is reduced and finitely generated as an O-module and C-torsion 
free. Thus, Eo has an integral Ao-model. Since fo is an automorphism 
of Eo the rings Ao and its subring f{Ao) have the same discriminant. 
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Thus, /o(^o) = ^0 and /o is an automorphism of Aq. This imphes 
that the map x x**' on Aq (g)© k is an automorphism, so that Aq is 
unramified over O. Conditions (1) and (2) of Theorem 1.1 now follow 
by Proposition 2.1. 

For the converse, suppose that conditions (1) and (2) hold. We will 
produce an integral A^-model oi E = Eq x ■ ■ ■ x E^. Let Ri be the 
inegral closure of O in E^. Since Ik acts trivially on Sq the ring Rq has 
a unique A^-structure by Proposition 2.1. Now suyppose that 

A = i{Ro) © (0 X ai X ■ ■ ■ X a„) 

with ttj an ideal in R^. Then the condition tljp{a) — a*^^'^^ e pA for all 

a G ^4 is equivalent to and /j(aj_i) pa^. This holds, for 

instance if = p*-Ri, in which case A is an integral Aq- model of E. □ 

The integral model that is supplied by the proof is not always opti- 
mal. For instance, for the A^-ring Zld] we get a strict subring. How- 
ever for the A^-ring Z[V4] the proof provides a A^-subring of Q[V4] 
which is strictly larger than Z[14]- 

3. Global arguments 

Now assume that is a global field with ring of integers O. Let 
be a finite etale X-algebra with a A^i-sturcture. Writing S = 
RomxiE, K"""^) we thus get an action of I{0) x Gk on 5*. 

For each maximal ideal p of O we consider the completion Op, and 
its quotient field Kp. Then we obtain an Ao^ -structure on the finite 
etale Kp-algebra Ep = E ®x Kp. \{ A is an integral A^-model of E, 
then A ®o Op is an integral Ao^-model of Ep. 

Fixing an embedding K^^"^ Kp^"^ for each p we can view Gp as a 
subgroup of Gk- The finite etale i^p-algebra Ep then corresponds to 
the Gp-set that one gets by restricting the action of Gk on to Gp. 

Let us assume that an integral A^-model ^4 of i? exists. Let G be 
the image of Gk in Map(S', S). Chebotarev's theorem now implies the 
following: for each g e G there is a maximal ideal p = p^ of O so that 

(1) the image of Ip is trivial in G; 

(2) the image of Fp e Gp/Ip in G is g; 

(3) A is unramified at p. 

By Proposition 2.1, the action of g on S is the same as the action of 
pg on S. Since the pg commute with eachother, it follows that G is 
abelian. 

It remains top show that the I{0) x G^-action on 5* factors through 
the Deligne-Ribet monoid of some cycle f. 

By class field theory, any continuous action of Gk on a finite discrete 
set T, whose image is abelian, factors, by the Artin map, through the 
ray class group CI (c(T)) for a minimal cycle c(T) of K, which we call 
the conductor of T. 
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Define r e I{0) by setting 

ordp(r) = inf{i ^ 0: p'+'^S = p'S} 

for all maximal ideals p of 0. This is well defined because pS = S 
whenever p is unramified in A by Proposition unramified. 
We now define the cycle f by 

f = Icm^ir?) • c{dS). 

Note first that c{S) \ f, so the Gi<:-action on S factors through the 
Artin map Gk Cl(f). 

Next, we claim that for a e I{0) coprime to f the action of o on 
is equal that of its class [a] in Cl(f). It suffices to prove this for a = p 
prime. Then one notes that r | f so p f r so p acts as a bijection on S. 
By our local result, A is unramified at p and p acts as Fp e Gp/Ip on 
S. By the defnition of the Artin symbol, the action of [p] e Cl(f) is the 
same. This shows the claim. 

Now suppose that d e HO) with | f. Let us write for the 
submonoid of I{0) consisting of all a e I{0) that are coprime to f/?). 
We now claim that Jg acts by bijections on DS, by the definition of f 
is quotient of Cl(f/3). and that the action factors through Cl(f/3). To 
see this, let a = gcd(c), r) and write = ab. By definition of r all prime 
divisors of b act bijectively on 55*, so c{aS) = c(OS') is coprime to b. 
By definition of f we have c{aS) \ ^/ga^ and it follows that c{aS) \ f/0. 
Thus, the Gj^-action on X)S factors through Cl(f/()) and the claim holds. 

Since multiplication by any divisor D e I{0) of f gives a bijection 
Cl(f/c)) [0]DR(f)* this shows that the action of {a e I{0) : gcd(a, f) = 
i)| on 5* factors through [t)]DR(f)*. Taking the union over all V we see 
that the /(O)-actions factors through DR(f). 

For the converse, assume that the Gk x /(C)-action on S factors 
through DR(f) for some cycle f. 

We first show the existence, for each p e of an integral A^p-model 
for the Aop-ring E 0k Kp. For p | f this follows from the definition of 
the Artin map and Proposition 2.1. So assume p | f, and write f = p"f 
with p t f . Then [p'^] G [p"]Cl(f) cz DR(f) for all k ^ n. This implies 
that the action of p on p^S = p"'S is given by the Artin symbol of 
[p] e Cl(f), which by Theorem 1.1 guarantees existence of an integral 
Aop -model. 

Now let R be the integral closure of O in. E. Then R is finite flat 
over O and E = R 0a K. For all p f f wc arc in the unramified case, 
and our integral A^i^ -module is equal to R0o Op. It follows that the 
intersection A over all p of our integral Ao^-module gives a sub-C- 
algebra of i?, which is of finite index, and which is closed under all ipp. 
Also, each ipp are Frobenius lifts, since A 00 Op is a Ao^-ring. This 
proves Theorem 1.2 
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